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ANALYSIS OF LANDING-GEAR BEHAVIOR I

By BENJAMINMILWTTZKYandFRANCISE. COOK

SUMMARY

This report presents a theoretical&udy of the behaviorof %
conventional type of oleo-pneumutic landing gear during the
proce88oj landing impact. The ba-ic anuiyti h presqt.ed in
a generalform and treatathe motions of the landing gear prior
to and sub~equentto the beginning of &ock-stit deflection. In
the analyti oj t?wjir.st phme of h impact the landing gear h
treated as a singledegree-of-freedom sy8tem in order to deter-
mine the conditions of motion at h im!ant of initial 8hoek-s&u$
dejection, after which instant the .km&nggear h considered w
a &Y8t8?nwith two degrea of freedom. The equatiom for the
twodegree-of-freedom sy8tem com-ia%r w.eh faetok+ as the
hydraulic (vdoeity square) Ted.stani%of the &ri&, the force+?
due to air compre88ionand internalfrie$bn in the 8hock strut,
the nonlinearforcedqleetion ehuractmistti of the tire, the wing
lift, the inclinutwn of% landing gear, and the e$ects of wheel
sp@up drag loads.

The applicability of the anu.lysiato actuai?landing gears ha-s
been inve8t~atedfor the parttir cme of a m%i.callanding
gear in the absenee of drag loaak by comparing cai@luted
re.w.dt~m“th aperimental drop-test datufor impacts with and
without tire boiiomi~. The cukulaied behaviorof h landing
gear wasfound to be in good agreementwith the drop-tat data.

Studies have aho been made to determinethe eJecti of varia-
tions in such parameter8 as -the dynamic forcedejlwt.ion
churacteristiesof the tire, the ori$ce dtichurgecoejieient, and the
pol@opk exponent for the aix-compremion process, which
might not be known amurately in practied de@n probkmw.

The study of the e~eek of variationsin the tire characteristics
indicata that in the ease of a normul impact without tire
botiomingreasonableuam”atwmin theforce-dq%ction ehura&r-
i.w3ic8ham only a relativelywmu?-1e$eet on the czhdated behavior
of the landing gear. Approximuiing the rather complieaied
force-de$ection charaeterixtics cf the actual tire by sirn~l~~ed
exponenltil or linear-segmentvariu$ionsappears to be adequate
for practical purposw. Ttie hysterh ww found to be
relativelyunimportant. In the case of a severeimpad involving
tire bottoming, the we of simplzjied exponential and linear-

segment approximation.s to the adual tire foreedejketion
charWtim, which neglect the efect.s of tire bottoming,
althoughadequateup to the instant of bottoming,fails to indicate
the pronounced increase in lunding~ear load &t redts from
bottoming of the tire. The w8e of expon.mtial and linear-
segment approxiti”onx to the tire charaet.ert%ticswhich take
into aeeount the increawd sti#n+?s8of the tire which remdt8from
bottoming,however,yi.dds good rwults.

The 8tudy of the importance of Lb dischargecoe*nt of tie
orijtce indicaies that the magnitude @ the dixcharge coejicient
~ a marked e$eet on the calculated behavior of the landing
gear; a,deereu-sein the di+mhargecoejicieti (or the prodti oj the
dimh.arge coejicient and Lb net orijice area) Tedi!.s in an
approtim.atdy proportiomzl increase in the muximum upper-
7n0X8aeceleratwn.

The study of the importmwe of the air-eompredon process
in the shock 8tmt indieaii% that the air springing is of only
minor significance throughout most of the impact a:nd,that
variu.tiom in the e~edwe polytrop-ic exponent n between the
isothermalVU.Zueof 1.0 and the near-aduzlmticvalue of 1.3 have
only a 8econduTye~ect on the edouhted behawiorof the landi~
gear. Even the amumption of condant ab premure in the ~trut
& t4 the initial pres~re, that is, n=O, * fairly good
red% which may be adequatefor many practicul pm-poses.

In addition’to the more exact treatment,an inv4gation ha8
been made to determine the eztent to-which the bwie equui!imzs
o~ motion can be simpl@zi and still yield aceeptabb ra-uh.
his stwdy indicates that, for muny praeticat pwrposesl the
aix-pr~e?urefores in the shock W-7Aean be completelyneglected,
the tireforce-dq?eetion relationship cun be assumedto be linear,
and the lower or unsprung mass cm be tuken equal to zero.
G%neralizuticmof the equatti of motion for thti timpli$.ed
8y8tem 8hows that the behavior of -the q18tem h Completdy
determined by the nqmi.iude of one parameter, num-dy the
dim.ewionlem initial-velocity parameter. Solutions of these
generak?d equa$iom are prwnted ‘in terms of dimentini&?8
w-iu.blesfor a wide range oj lm.ding-gem andimpact parameters
which may be wqW for rapidly wtamding landing-gem
perjormwwe in preliniinmy design. .

ISrivmtdesNAOATN 276&“AIAYSLSof Lnndfng.(kar Bdmior” by B@amin blllwkrkyandFrancisE. Cook,19s!2.
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INTRODUCTION

ADVISORYCOMMI’ITEE FOR AERONAUTICS

The shock-absorbing characteristics of airplane landing
gears are normally developed largely by means of extensive
trial-and+rror drop teding. The desire to reduce the ex-
pense and time required by such methods, as well as to pro-
vide a more rational basi’for the prediction of wheel-inertia
drag loads and dynamic stressesin fkible airframes during
landing, emphasizesthe need for suitable theoretical methods
for the analysis of landing-gear behavior. Such theoretical
methods should fid application in the design of landing
gears and complete airplane stmctures by patt@

(a) the determination of the behavior of a given landing-
gear conilguration under varying impact conditions (veloci~
at contact, weight, wing lift, etc.)

(b) the development of a landing-gear cm@uration to
obt.aig a specified behavior under given impact conditions

(c) a more ratiomd approach to the determination of wheel
spin-up and spring-back loads which takes into account the
shock-absorbing characteristicsof the particular landing gear
under consideration

(d) improved determination of ,dynamic loads in flexible
airplane structures during landing. This problcxn may be
treated either by calculating the response of the elastic sys-
tem to landing-gear forcing functions determined under the
assumption that the airplane is a rigid body or by the simul-
taneous solution of the equations of motion for the lading
gear coupled with the equations representing the additional
degreesof freedom of the structure. In many casesthe former
approach should be -sufficiently accurate, but in some
instances, particularly when the landing-gear attachment
points experience large displacements relative to the nodal
points of the flesible system, the latter approach, which takes
into account the interaction between the deformations of the
structure and the landing gear, may be required in order to
represent the system adequately. .

Siice many aspects of the landing-impact problem are so
intimately connectedwith the mechanics of the kmding gw,
the subject of landing-gear behatior has received analytical
treatment at various times (see bibliobgaphy). Many ‘of
the earlierinvestigations, in order to reduce the mathem@xd
complexity of the analysis, were limited to consideration of
highly simpliikd linear systems which have little relation to
practical landing gears. Some of the more recent papers
consider, with dtierent degrees of simplification, more real-
istic nonlinear systems. The present report represents an
attempt at a more complete dy& of the mechanics of
practical landing g&rs and, in addition, investigates the im-
portance of the various @3ments which makeup the landing
gear, M well as the extent to which the system can be reason-
ably simplified for the purpose of rapid analysis.

The basic analysis ispresented in a general form and takes
into account such factors as the hydraulic (veloci@- square)
resistance of the oritice, the forces due to air compression and
intern@ fiction in the shock strut, -the nonlimw force-
deflection characteristicsof the @e, the wing lift, the inclina-
tion of the landing gear and the effects of wheel spin-up drag
loads. An evaluation of thb applicability of the analysis to
actual lading geara is presented for the case of a vertical
landing gear in the absence of drag loads by comparing cal-
culated rwdt.s with drop-test data.

Since some parameters, such as the dynamic force-
deilection clmracteristic-sof the tire, the orifice dischmge
coticient, and the polytropic exponent for theair-comprwsion
process, may not be accurately lmcmn in practical design
problems, a study is made to assess the effects of variations
in these parameters on the calculated landing-g~r behavior.

Studies are also presented to evaluate the extent to which
the dyna&al system can be simplifbd without grently im-
pairing the validity of the calculated rewhk. In addition to
the investigations for specific cases, generalized solutions for
the behavior of a simplified system are presented for a wide
range of landing-gear and impact parameters which may be
useful in preliminary dtign.

SYMBOLS .

pneumatic area
hydrauhc area
area of opening in oriike plate
internal cross-sectional area of shock-strut inner

cylinder
external cross-sectional mea of shock-strut inner

cylinder
cross-sectional area of metering pin or rod in

plane of orifme
net orifice area
oritice discharge coefficient
overall diameter of tire
pneumatic force in shock strut
hydraulic force in shock strut
friction force in shock strut
total atial shock-stit force
normal force on upper bearing (attached to hum

cylinder)
normal form on lower bmring (attached to outw

cylinder)
force normal to axis of shock strut, applied wt

axle
vertical force, applied at axle
horizontal force, applied at ode
resultant force, applied at axle
force parallel to axis of shock strut, ~pplied to

tire at ground
force normal to axis of shock strut, applied to

tire at ground
vertical force, applied to tire at ground
horizontal force, applied to tire at ground
resultant force, applied to tiro at ground
.-gvitational constant
lift factor, L/W
liftforce
mid distance between upper and lower bednga,

for fully extended shock strut
axial distamce between axle and loww bmring

(attached to outer cylinder), for fully ex-
tended shock strut

constants corresponding to the various regimes
of the t.iredeflection process

combined constant, ad .
combined constant, mdr
polytmpic exponent for air-compression process

in shock strut
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Subscripts:
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Notation:
1( )1
( )*

Reynolds number
air pressure in upper chamber of shock strut
hydraulic pressure in lower chamber of shock

strut
volumetric rate of discharge through orifice
radius of deflected tire
shock-strut axial stroke
wheel inertia torque reaction
time after contact
time after begkming of shock-strut deflection
air volume of shock strut
polar moment of inertia for wheel assembly

about axle
vertical velocity
horizontal velocity
total dropping weight
weight of upper mass above strut
weight of lower mass below strut
horizontal displamment of lower mass from

position at initial contact
vertical displacement of upper mass from posi-

tion at initial contact
vertical displacement of lower mass horn posi-

tion at initial contact
dimensionless upper-mass displacement horn

position at initial contact
dimensionless lower-mas9 displacement from

position at initial contact
dimensionless shock-strut stroke, ul-m
dimensionless time after contact
angle between shock-strut axis and vertical

“J

u.-
ulHdu

shock-strut effectiveness, 0Ul”m=u==

J%.-
IIdulU1

landing-gear effectiveness, “f _ulm
tixrminterval in numerica3integration procedures
coefficient of friction between tire and runway
coefficient of friction for upper bearing (attached

to inner cylinder)
coefficient of friction for lower bearing (attached

to outer cylinder)
mass density of hydraulic fluid
angular acceleration of wheel

verticnl asis, positive downward
horizontal axis, positive rmard .

at iustant of initial contact
at instant of initial shock-strut deflection -
at instant of wheel spin-up
masimum value

absolute value of ( )
estimated value of ( )

- “Theuse of dots over symbols i&l&tes diilerentiation with
respect to time tor r.

Prime marks indicate differentiation with respect to
dimensionless time 0.

MECHANICS OF LANDING GEAR
. DYNAMICSOFSYSTEM

In view of the fact that landing-gem performance nppems
to be relatively unaffected by the elastic deformations of
the airplane structure (see, for example, refs. 1 and 2) par-
ticularly since in many cases the main gears are located
fairly close to the nodal points of the fundamental bending
mode of the wing, that part of the airplane which acts on a
given gear can generally be considered as a rigid maw
As a result, landing-gear drop tests are often conducted in
a jig where the mass of the airplane is represented by a
concentrated weight. In particular instances, however, such
as in th6 ewe of airplanes having large concentrated masses
disposed in an outboard position in the wings, especially
airplanes equipped with bicycle landing gear, consideration
of the interaction between the deformation of the airplane
structure and the landing gear may be necessary to repre-
sent the system adequately.

Since the present report is concerned primarily with- the
mechsaics of the landiug gqar, it is assumed in the analysis
that the landing gear is attached to a rigid mass which has
freedom only in vertical translation. The gear is assumed
infinitely rigid in bending. The combination of airplane
and land@ gear considered therefore constitutes a system
having two degrees of freedom (see fig. 1(a)) as defined by
the vertical displawment of the upper mass and the vertical
displacement of the lower or unsprung mass, which-is also
the tire deflection. The strut stroke 8 is determined by
the difference between the displacements ZI and % and, in
the case of inclined gears, by the angle p between the asis
of the strut and the vertical. I?or inclined geam, compression
of the shock strut produces a horizontal displacement of the
axle U. l?rom consideration of the kinematics of the system

21—22
it can be seen that s=— and Q=s sin q=(zl—zJtan p.

Cosp
In the analysis, wkmnal lift forces, corresponding to the
aerodynamic lift, are assumed to act on the system through-
out the impact. In addition to the verticii forces, arbitrary
drag loads are considered to act between the tire and the
ground.

The system treated in the analysis may therefore be con-
sidered to represent either a landing-gear drop test in a jig
where wing lift and drag loads are simulated, or the landing
impact of a rigid airpkme if rotational motions are neglected.
Rotational freedom of the airplane, where significant, may
be t&en into account approximately by use of an appro-
priate effective mass in the analysis.

l?igum 1 (b) shows a schematic representation of a typical
oleo-pneumatic shock strut used in Americsm practim. The
lower chamber of the strut contains hydraulic fluid and the
upper chamber contains air under pressure. The outer cyl-
inder of the strut, which is attached. to the upper mass,
contains a perforated tube which supports a plate with a
small oriiice, through whjch the hydraulic fluid is forced to
flow at high velocity as a result of the telescoping of the
strwt. The hydraulic prewmre drop across the ofice thus
produced resists the closure of the strut, and the turbulence
created provides a powerful means of absorbing and dis-
sipating a lkrge part of the impact energy. In some struts
the orifb area is constant; whereas, in other cases a metering
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pin or rod is used to control the size of the orifice and govern
the performance of the strut.

The comprewion of the strut produces an increase in the
rIirpressure which also re&sts the closure of the strut,. In
figure 1 (b) phrepresent-sthe oil pressurein the lower chamber
and p=represents the air pressure in the upper chamber.

In addition to the hydraulic resistance and air-pressure
forces, internal bearing friction also contributes forces which
can appreciably affect the behavior of the strut.

The forces created within the strut impart an acceleration
to the upper mass and also produce an acceleration of the
lower mass and a deflection of the tire. Ei=w I (c) shows
the balance of forces and reactions for the wheel, the inner
cylinder, and the outer cylinder. ‘It is clear that the strut

(b) Schematio representation of shook strut.

FIGUREl.—Dynamioal system considered in analysis.

and the tire mutually influence the behavior of one anotlwr
andmustbe consideredsimultaneouslyin analyzing thosystem.

FOROR9INSEOCRSTRUT

From consideration of the pressures acting in tho shock
strut it can be readily seen from figure 1 (b) that tho totol
axial force due to hydraulic resishmce, air compression, and
bearing friction can be espressed by

F8=pJA,-AJ +P.(J4z-4 +P.x4P+~~
where
A, internal cross-sectional area of inner cylinder
A* external cross-sectional area of inner cylinclor
A, cross-sectional area of metering pin or rod in plane

of orifice
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This expression w also be written i% .

F~= (p,’-pa) (A,–A,)+P#12+l’f

= (pa-p.)zlh+PaAa+.Bf

=F~+Fa+Ff (1)

where
TM—-P.pre~~e drOPaCIWSSthe OfiW
4i* hydraulic area (AI–A, for the strut shown in fig. 1)
A. pneumatic area (At for the strut shown in fig. 1)

In this report the terms @,–pJA, and pda are referred
to as hydraulic force F~ and pneumatic force F., respe~
tively. For the strut shown-in figure 1, the hydraulic
and pneumatic areas are related ta the strut d.irheusionsas
previously noted. In the case of struts having different
internal configurations, the hydraulic and pneumatic areas
may bear somewhat different relations to the dimensions
of the strut. In such cases, however, consideration of the
pressures acting on the various components of the strut
should permit these areasto be readily defined.

Hydranlic foroe,—The hydraulic resistance in the shock
strut results from the prex&re diff~ence associated with the
flow through the orifice. In a landing gear the oriiice area
is usually small enough in relation to the diameter of the
strut so that the jet velocities and Reynolds numbers me
sticieutly large that the flmv is fully turbulent. As a
reaplt the damping force varies as the square of the tele-
scoping velocity rather than linearly with the velocity.
Since the hydraulic resistance is the major- component of
the total shock-hut force, viscous damping cannot be
reasonably assumed, even though such an assumption
would greatly simplify the analysis.

The hydraulic resistance can be req~y derived by making
use of the well-kmown equation for the discharge through
an orifice, namely,

dQ=G4. ,;(PF--Pa)

where .

Q volumetric rate of discharge
cd coefficient of dischatge
An net orifice area
Ph hydraulic pressurein lower chamber ‘
Pa air pressurein uppar chamber
P mass density of hydraulic fluid

From considerations of continuity, the volumetric rate of
discharge can also be expressed as the product of the tele-
scoping velocity &and the hydraulic area Ah

Q=AJ

Equating the preceding expressims for the discharge per-
mits mriting the following simple equation for the pressure
drop across the orifice

The hydraulic resistance Fh due to the telescoping of the
strut is given by the product of the di.ilerential pressure

/
pk—pa and the ara Ah whioh is subjected to the hydraulic
pressure, as previously noted. Thus

(2)

Equation (2) can be made applicable to both the compres-

sion and elongation stiokes by introducing the factor ~

to indicate the sign of the hydraulic resistance; thus “ ‘

plih3 .2

‘h=fi2(C.AJ’8
(2a)

The net oritice area An may be either a constant or, when n
metering pin is used, can vary with strut stroke; ~hat is,
A.=AO—AP=A%(S), where A. is the area of the opening in
the oritice plate and AP is the area of the metering pin in tho
plane of the oriiic8. At the present time there appears to bo
some tendency to eliminate the metaing pin and uso a con-
stant orifice areo, particularly for large airplanea, in which
case A.=AO. In the general case, the orifice dischrwgo
cmflicient might be expected to vary somewhat during cm
impact because of changes in the size and conii~gmtion of
the net orifice area, changes in the exit conditions on the
downstream face of the ortice due to variations in the amount
of hydraulic fluid above the orifice plate, changes in tho entry
conditions due to variations in the length of the flow chumbor
upstream of the orifice, and because of variations in tho
Reyuolds number of the flow, so that, in general, cd= 0J8, l?).
Although the individual effects of these factom on the dis-
charge coefficients for orifices in shock struts have not been
evaluated, there is some experimental evidence to indicate
appreciable variations of the dischnrge coefficient during
impact, particularly in the ea~ of struts with metering pins,
It might be expected that such variations would bo con-
siderably smaller for geam having a constrmt orifice mea.

In order to evaluate the precision with which tho orifico
discharge coe5cient has to be bow-n, a brief study is
presented in a subsequent section which shows the effect of
the discharge ~efficient on the calculated behavior of a
landing gear with a constant oriiice area, under the assump-
tion that the discharge coefficient is constant during tho
impact.

The forego~o discussionhaabeen concerned primarily with
the compression stroke of the shock strut. Nlost struts
incorporate som6 form of pressure-opemtod rebound cheek
valve, sometimes called a snubber valve, which comes into
action after-the maximum stroke has been attained and CIOSOS
off the main orifice as soon as the strut begins to elongato, so
that the fluid is forced to return to the lower chamber through
small passages. The action of the snubber valve introduces
greatly increa&d hydraulic resistance to dissipate the energy
stored in the strut in the form of air pressure and to prewmt
excessive rebound. The product C~Asto be used in eqdntion
(2a) during the elongation stroke is ganerally uncertain. Tlm
exact mea As during elongation is usually somewhat difficult
.tc define horn the geometry of the strut siqce in many cases
the number of connecting passagegvaries with stroko and t,ho
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leakage mea around the piston may be of the same order of
magnitude m the mea of the return passages. Furthermore,
the magnitudo of the orifice discharge coefficient, and even.
possibly the nature of the resistance, are questionable due to
tho foaming state of the returning fluid. Fortunately, the
primary interest is in the compression process rather than
the elongation process since the maximum load always occurs
before the maximum strut stroke is reached.

Pneumath foroe.—The air-pressure force in the upper
chamber is determined by the initial strut inflation pres-
sure, the area subjected to the air pressure (pneumatic area),
rmd the instantaneous compassion ratio in accordance
M th the polytropic law for compression of gases, namely
p=o”= Constant, or

()

n
pa=p% :

where
P. air pressure in upper chamber of shock strut
Pao air pressure in upper chamber for fully extinded strut
v air volume of shock strut
Vo air volume for fully extended strut
Since the instantaneous air volume iwequal to the difference
botmeen the initial air volume and the product of the stroke

and pneumatic area zi=, pa= p%
(vo&.9Y”

The force due,

to the rh pressure is simply the product of the pressure and
the pneumatic mea:

(3)

In the preceding equations, the effective polytropic
ex~onent n depends on the rate of compression and the rate
of heat transfer from the air to the surrounding environment. -
Low rates of compression would be expected to result in
values of n approaching the isothermal value of 1.0; whereas
higher values of n, limited by the adiabatic value of 1.4,
would be expected for higher rates of compression. The
actual thermodynamic process is complicated by the violent
mixing of the highly turbulent efflux.of hydraulic fluid and
the air in the upper chamber during impact. On the one
hand, the dissipation of energy in the production of turbu-
lence generates heat; on the other hand, heat is absorbed by
the aeration and vaporization of the fluid. The effect of this
mixing phenomenon on the polytropic exponent or on the
equivalent air volume is not clear. A limited amount of
experimental data obtained in drop tests (refs. 3 and 4),
however, indicates that the effective polytropic exponent
may be in the neighborhood of 1.1 for practical cases. A
brief study of the importance of the air-compression process
and tho effects which diilerent values of n may have on the
calculated behavior of the landing gear is presented in a
subsequent section.

Internal friotion force.—In the literature on machine de-
sign the wide rrmge of conditions under which frictional
resistance can occur between sliding surfaces is generally
classified in three major categories, namely, friction between
dry surfaces, friction between imperfectly lubricated surfaces,
and friction between perfectly lubricated surfaces. In the

case of dry ~ction, the resistance depends on the physical
characteristics 01 the sliding surfaces, is essentially propor-
tional to the normal force, and is approximately independent
of the surface area. The coticient of friction p, deiined as
the ratio of the fictional resistance to the normal force, is
generally somewhat greater under conditions of rest (static
friction) than under conditions of sli&ng (kinetic friction).
Although the coefficient of kinetic friction generally de-
creama slightly with increasing velocity, it is usually con-
sidered, in&t approximation, to be independent of velocity.
If, on the other hand, the surfaces are completely separated
by a fluid film of lubricant, perfect lubrication is said to exist.
Under these conditions the resistance to relative motion
depends primarily on the magnitude of the relative velocity,
the physical character~tics of the lubricant, the area, and
the film thickness, and is essentially independent of the
normal force and the characteristics of the sliding surfaces.
Perfect lubrication is rarely found in practice but is most
likely under conditions of high velocity and relatively small
normal preemre, w-here the shape of the sliding stiaces is
conducive to the generation of fluid pressure by hydro-
dynamic action. In most practical applications involving
lubrication, a state of imperfect lubrication exists and the
resistance phenomenon is intermediate between that of dry
friction and perfect lubrication.

In the case of landing-gear shock struts, the conditions
under which internal friction is of concern usually involve
relatively high normal pressures and relatively smallsliding
velocities N1oreover, the usual types of hydraulic fluid
used in shock struts have rather poor lubricating properties,
and the shape of the bearing surfaces is generally not con-
ducive to tie generation of hydrodynamic pressures. It
would therefore appear that the lubrication of shock strut
bearings is, at best, imperfect; in fact, the conditions appear
to approach closely those for dry fiction. In the present.
analysis, therefore, it is assumed, in first approximation, that
the internal friction between the bearipgs and the cylindar
tialls follow-s laws similar to those for dry friction; that is,
the friction force is given by the product of the normal force
and a suitably chosen coeilicient of friction.

With these assumptions the internal friction forces pro-
duced in the strut depend on the magnitude of the forces on
the axle, the inclination of the gear, the spacing of the bear-
ings, and the coefficient of friction between the bearings and
tho cylinder walls. Figure 1(c) schematically illustrates the
balance of forces acting on the various components of the
landing gear. The total axial friction in the shock strut is
the sum of the Klction forces contributed by each o: t$e
bearings:

where
&=fi (M’d+P*lml)

F, axial fiction force
M coefficient of friction for upper bearing (attached to

inner cylinder)
F, normal force on upper bearing (attached to inne~

cylindei)
A coefficient of friction for lower bearing (attached to

outer cylinder)
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F, normal force on lower “bearing (attached to outer
cylinder) .

.

f-l factor to indicate sign of friction force

During the interval prior to the beginning of shock-strut
motion the friction forces depend on the coefficients of static
friction; after the sttit be.ti to telescope the coefficients of
kinetic friction apply.

From considerations of the bahmc.e of moments it cm be
seen from figure 1(c) that

12—s()FI= FN= ~

and

F’=@3+9
so that

(4)

and
FNa
F,=
F.a

:

1,

FN~=FV=Sill Q— F=a COS p (4a]

force normal to strut applied at axle J
vertical force applied at axle
horizontal force applied at axle
angle betvreen strut ask and vertical
ox;rd distance between upper and lower beariugg, for

fully extended strut
axial distance between asle and lower berming(attached
. to outer cylinder), for fully extended stru~

,The quantities Fj=, FV=,and FHeare forces applied at the
axle and differ from the ground reactions by amounts equal
to the inertia forces corresponding to the respective accelera-
tion component of the lower mass. Since the inner cylinder
generally represents only a relatively small fraction of the
lower mass, the lower mass may pasimably be assumed to be
concentrated at the axle. TiGth this assumption, the rela-
tionships between the forces at the axle and the forces at @e
ground are given by

The normal force at the asle can therefore be expressed in
temus of the ground reactions and the component accelera-
tions of the lower mms by

where
Pvz . vertical force applied to tire at ground
FEE horizontal force applied to tire at ground
W, effective mass below shock strut, aasumedconcentrated
7 at nde
& horizontal acceleration of axle
52 vertical accelemtion of asle

In the case of an inclined landing gear having infinite stiff-
ness in bending, the horizontal displacement of the lower mass
&is related to thevertical displacements of theupper andlower

mass% by the kinematic relationship %= (z1—zdtnn “P, as
previously noted. Double differentiation of this relation-
ship gives i~= (Zl— 22) tan p. Substitution of this expression
into equation (4b) giv&

In equation (4c) the quantity ZI sin p represents the ac-
celeration of the lomr m- normal to the strut axis when the
gear is rigid in bending. In the case of a gear flexible in
bending, the normal acceleration of the lower mass is nob
completely determined by the v-erticrd acceleration of the
upper mass and the angle of inclination of the gear, If it
should be necessary to take into account, in pmticuhw cmes,
the effects of gear flexibility on the relationship between the
normal force on the axle and the ground reactions, the qunn-
tity ZI sin p in equation (4c) may be replaced by estimated
valuea of the actual normal acceleration of the lower mass as
detemninedfrom cx?neiderntionof the bending response of the
gear to the applied forces normal to the gear axis. The effecb
of gear ‘flexibility are not considered in more detail in the
present analysis. ,

FOIICH ON TIRE

Figure 2 (a) shows dynamic forcedeflection chrwactoris-
tics for. a 27-inch smooth<ontour (type I) tire inflated to 32
pounds per square inch. These characteristics were deter-
mined from time-history measurements of vertical ground
force and tire deflection in lrmding-gear drop tests with Q
nonrotating wheel at seyeral verticnl velocities. As can be
seen, the tire compresses along one curve and unloads rdong
anothar, the hysteresis loop indicating appreciable onorgy
tilpation in the tire. There is some question as to whether

-the amount of hysteresis would be as great if the tire wore
rotating, as in a landing with forward speed. The forco-
deflection curve for a velocity of 11.63 feet per second is for
n severe impact in which tire bottoming occurs and shows
the sharp increase in force with deflection subsequrmt to
bottoming.

In figure 2 (b) the. same force-deflection characteristics
are shown plotted on logarithmic coordinates. As can be
seen, the force exhibits an mponential variation with doflm-
tion. A systematized repre.sentntionof the forco-doflcction
relationship can therefore be obtained by means of simple
equations having the form

()
r

FVZ=mz2’=m’ $
(6)

where
Fvz - vertical force, applied to tire at ground
% vertical displacement of lower mass from position at

iuitiakcontact (r&dialdeflection of tire)
d overall diameter of tire
m, r constants corresponding to the various regimes of the

tire-deflection process
mf combined constant, md
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03

Tire +flectkm, 22, ft,

(a) Uniformcoordinate (b) Logarithmiccoordinates
FIGURE2.—Dynamicforce-deflectioncharaoterieticsof tiie.

lt may be noted from figure 2 that essentirdly the same
force-deflection curve holds during compression for all impact
velocities, up to the occurrence of tire bottoming, and that in
figure 2 (b) the slopes .of the curves in each of the severtd
regimes of the tiredeflection process are also independent of
velocity, except in the compression rebtie following tire
bottoming.

Figure 2 also shows simple apprc.ximations to the tire
characteristics which were obtained by fitting straight-line
segments (long-dashed lines) to the actual forced eflection
curves in figure 2 (a) for impacts at 8.86 and 11.63 feet per
second. These approximations, hereinafter referred to as
linear-segment approximations, are included in a study,
presented in a subsequent section, to evaluate the degree of
nccumcy required for adequate representation of the tire
characteristics. The various representations of the tire
characteristics considered and the pertinent constants for
each regime of tire deflection are shown in figure.3. “

EQUATIONSOF MOTION

The internal axial force ~, produced by the shock strut
wns shown in a previous section to be equal to the sum of the

.-

/

hydraulic, pneumatic, and friction forces, as given by
equation (l). Since these forces act along the axis of the
strut, which may be inclined to the verticeJ by an angle p,
the vertical component of the axial shock~tit force is given
by F.. cos q. The vertical component of the force nornud
to the shock strut is given by 1“= sin P. These forces act
in conjunction with the lift force and weight to produce an
acceleration of the upper mass. The equation of motion
for the upper mass is

F.gCOS ~+FNa”ti q+z–~,=–~ z, (6)

The vertical components of the’ axial and normal shock-
strut forces also w;, in conjunction wjth the weight of the
lower ma~, to produce a defounation of the tire
acceleration of the lower mass. The equation of
for the lower mass is

and an
motion

(7)

where the vertical ground reaction FVEis expressed as a
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(a) Impactwithouttirebottoming,V~O=8.86feetpersecond. (b) Impaotwithtirebottoming,VVO=11.63feetpersecond.

Fmumn 3.—Tire charaoteristim conaiderecl in solutions (logarithmic coordinates).

function of the tire deflection ~. The relationship between
~rz and % has been discussed in the previtms section on the
characteristics.

By combining equations (6) and (7), the vertical ground
force can be written in terms of the inertia reactions of the
upper and lower masses, the lift force, and the tot~ .weii%t.
The overall dynamic equilibriumis given by

F.g (z,)= –: 2,–: z2—L+ W (8)

MOTIONPRIORTO SHOCE=UT DKPLJWTION

Conventional ohm-pneumatic shock struts are inflated
to some finite pressure in the fully extended position. Thus
the strut does not begin to deflect in an impact until suilicient
force is developed to overcome the initial preloading imposed
by the air pressure apd internal fi-iction. Since the strut is
effectively rigid in compr-ion, as well as in bentig,,
prior to this instant, the system maybe considered to have
only one degree of fkeedom during the initial stage of

the impact. The equations of motion for the onedegreo-of-
freedom system are derived in order to permit determination
of the initial conditions required for the analysis of tlm
landing-gear behavior subsequent to the beginning of shock-
strut deflection.

Since Zl= z~= Z during this first phase of the impact,
equation (8) may be written as

~v= (z)= –: 2– w(~L– 1) (9)

where

KL.+

I?or the general case of an exponential relationship between
vertical ground force and tire deflection, equation (5) applies
and the equation of motion becomes

(1o)
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The shock stz-utbegigs to telescope when the sum of the inertia, weight, and lift forc~ becomes equal to the vertical
components of the axial and nor@ shock-strut forccz. At this instant G, ~s= ll%+~’r and equation (6) can be written as

(F’+F’,) COSP+FN% sin P+KL W– WI ~
27= —

Wlk .
(11)

where
l!! initial ~ir-presmre.preload force, p%&
F,r static friction at instant L

At the instant f,, s=O agd equation (4) becomes

E,=lFN@ (ha)

where

[ 1K,=(P1+P9) ~+m

and M and M are coefficients of static friction.
Since the strut is assumed essentially rigid in compression (and also rigid in bending), there is no kinematic displace-

ment of the lower mass in the horizontal direction up to the beginning of shock-strut deflection, so that a=O and equation
(4b) becomes

FN%=
(

F,h+:
)

~.—ws ti ~—FnG COS P

Incorporating equations (ha), (llb), and (9) into equation (11) gives

~7=F%–(+-& S~ P–COSP) (~LW–RZ)–&g(+lGCOS q+shp)

~ (*K, ih q–COS q)

In equation (12) wherever the & sign appears, the plus signs
apply when l’N%>O and the minus signs apply when FN%<O.

l?rom equation (10) the vertical displacement of the system
at the instant t, is given in terms of the corresponding
acceleration by

{[ 1}
llr

1 W(l –KL)–~ ~rz,= ~ (13)

Integrating equation (10) and noting that %=0 provides
the relationship between the vertical velocity and the
vertical displacement of the system at the beginning of
shock-strut deflection

1z<+’+ TT’(KL.–l)z. (14)

In view of the fact that the tire forcedeflection curve is
essentially linear for small deflections, it may be reasonably
assumed that r= 1 for the purpose of determining the time
after contact at which the strut begins to tdeaccpe. With
this assumption G can be determined from the relationship

‘r=r$=q,o,?#:+w(KL_,,2]——
0

where the general expression for
born ,equation (14) without the
the indicated integration gives

.—

L-+%
where

Sin-l 0(1 —KJ-SiIl-l

(llb)

(1 ‘2)

the ‘variable 5 is obtained
subscripts r. Performing

The computation of h can be grea~y simplified by use of
the following approximation which assumes a linear relation-
ship between velocity and time:

k
22..-

20+ 2.
(15a)

Equation (15a) should be a fairly good approximation in
view of the relatively short time interval between initial con-
taot and the b* of shock-strut motion.

Equations (12), (13), and ‘(14) permit the determination
of the vertical acceleration, displacement, and velocity, re-
spectively, of the system (upper and lower masses) at the

/.
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beginning of shock~trut deflection. Equation (15) or (15a) permits calculation of the time interv~ between initial contact
and this instant. These equations provide the initial conditions required for the analysis of the behavior of the landing
gear as a system with two degrees of freedom after the shock strut begins to deflect.

If drag loads are considered, the solution of equation (12) requires lmowledge of the horizontal giound force ~n~, at
the instant G. Since the present analysis does not explicitly treat the determination’of drag loads, values of ~u% have
to be-estimated, either from other analytical considerations, experimental data, or on the basis of experience.

MOTIONSUBSEQUENTTO BEGINNING OFSHOCE=UT DEFLECTION

Once the sum of the inertia, weight, and lift forces becomes sufhiently large to overcome the prelording force in the
shock shut due to initial air pressure and internal friction, the shock strut can deflect and the system becomes one having
two degrees of freedom. Incorporate@ the expressions for the hydraulic, pneumatic, and friction forces (eqs. (2tL), (3),
and (4)) into equation (6) permits the equation of motion for the upper mass to be mitten as follows:

where
21—Z2s=—
Cosp

and, since ~Vr= .H’V~(z.J,equation (4c) becomes
.

Fx==FV~(zJsin p—F=z cos p+? 21sin Y—T72sin p

-whereFv~(z2) is determined from the force-deflection characteristics of the tire. For the usual type of pneumatic tire,
~v~(zJ =mqr, as previously noted.

Similarly, the equation of motion for the lower mass follow-sfrom equation (7): -

The overall dynamic equilibrium equation is still, of iourse, as given by equation (8)

Any two of the preceding equations (eqs. (16), (17), and
(S)) are sufficient to describe the behavior of the landing
gear subsequent to the bea#nn.ing of shock-strut motion.
These equations may be used to calculate the behavior of a
given landing-gear configgtion or to develop orifice ma
metering-pin characteristics required to produce a specitkd
behavior for given impact conditions. They may also be
used as a basis for the calculation of dynamic loads in flexible
airplane structures either by (a) determiningg the landing-
gear forcing function -under the assumption that the upper
mass is a rigid body and then using this forcing function to
calculate the response of the elastic system or (b) combining
the preceding equations tith the equations representing the
additional degrees of freedom of the struct~e; the simul-
taneous solution of the equations for such a system would
then take into &count the interaction between the deforma-
tion of the structure and the landing gear.

SOLUTION OF EQUATIONS OF MOTION

l+, the general case the analysis of a landing gem involves
the solution of the equatioqs of motion given in the section
entitled “hlotion Subsequent to the Beginning of Shock-
Strut Deflection,” with the initial conditions taken as tho
conditions of motion at the beginning of shock-strut ddlec-
tion, as determined in accordance with the initial impact
conditions and the equations given in the section entitled
“klotion Prior to Shock-Strut Deflection.”

NUMERICALINTEGRATIONPROCEDURES

In view of the fact that the equations of motion for the
landing gear subsequent to the beginning of s’hock-atruti
deflection are highly nonlinear, analytical solution of these
equations does not appear feasible. In the prewmt report,
therefore, iinite-difference methods are resorted to for the
step-by-step integration of the equations of motion. Al-

1,
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though such numerical methods lack the generality of ana-
lytical solutions and are especially time consuming if the

crdculations are carried out manually, the increasing availa-
bility of automatic calculating machines largely overcomes
these objections.

h~ostof the solutions presented in this report were obtained
with rLprocedure, hereinafter referred to as the ‘linear pro-
cedure,” which asaumes changes in the motion variables to
be linear over finite time intervals. A few of the solutions
presented were obtained with a procedure, hereinafterreferred
to as the “quadratic procedure,” which assumes a quadratic
variation of displacement with time for successive intervals.
The generalized solutions for the simplified equations dis-
cussed in a subsequent section were obtained by means of
the Runge-Kutta procedure. The application of these
procedures is described in detail ‘m appendix A.,

USEOF TIREFORCE-DEFLECTIONCHARACTERISTICS

In order to obtain solutions for particular cas~, it is, of
course, necessary to have, in addition to information regard-’
ing tlm physical characteristics of the landing gear, some
knowledge of the forcedeflection characteri@ics of the tire.

If extensive data regarding the dynamic tire character-
istics, such as shown in figures 2 and 3, are available, an
accurate solution can be obtained which takes into account
the various breaks in the forcedeflection curves (logarithmic
coordinates), rIswell as the effects of hyster&. In view of
the fact that the constants m’ and. r have the same values
throughout practically the entire tire compression proc-
regardless of the initial impact velocity or the mtium
load attained, these values of m’ and r, as determined horn
the forcedeflection curves, can be used in the calculation of
the motion subsequent to the beginning of shock-shut deflec-
tion until the fit break in the forcedeflection curve is
reached prior to the attainment of the maximum force. If
the conditions for the calctiations are the same as those for
which forcedeflection curves are available, the values of
m’ rmd r for ench of the several regimes subsequent to the
first break can also be demed directly from the force-
deflection curves. In general, however, the conditions will
not be the same and interpolation will be necessary to
estimate the values of ml for the subsequent regimes.
Such interpolation is facilitated, particularly after the mti-
mum forcedeflection point has been-calculated, by the fact
thrcteach subsequent regime has a fixed value of r, regardless
of the initial impact conditions.

The use.of the tiredeflection characteristics in the calcula-
tions is gmrkly simplified if hysteresis is neglected since,the
values of m’ and r which apply prior to the &et break in the
forcedefloction curves are then used throughout the egtire
calculation, except in the case of severe impacts where tire
bottoming occurs, in which case new values of m’ and r are
employed in the tire-bottoming regime. A similar situation
mists with respect to the constants a’ and b when the linear
approximations which neglect hysteresis are used. These
simplifications would normally be employed when only the

tire manufacturer’s static or so-called impact load-deflection
data are available, as is usually the case.

EFFIM3!OFDRAGLOADS

Al&ough the present analysis permits taking into account
the effects of wheel spin-up drag loads on the behavior of the
landing gear, the determination of the drag-load time history
is not treated explicitly. Thus, if it is desired to consider the
effects of the drag load on the gear behavior, such as in the
case of a drop test in which drag loads are simulated by
reverse wheel rotation or in a landing with forward speed, it
is necessazy to ediniate the drag load, either by means of
other analytical considerations or by recourse to experimental
data. As a first approximation the instantaneous drag force
may be assumed to be equal to the vertical ground reaction
multiplied by a suitable- coefEcient of friction p; that is,
~’f=~V&, up to the instant when the wheel stops skidding,
after which the drag force may be assumed equal to zero.
(The current ground-loads requirements specfi a skidding
coefficient of friction p= 0.55; limited experimental evidence,
on the other hand, indicates that p may be as high as 0.7 or
as low as 0.4.) In some cases experimental data indicate
that representation of the drag-load time hiktory can be
simplified even further by asmn.@g a linear variation of the
drag force with time during the period of wheel skidding.

The instant at which the w-heel stops skidding can be
estimated from the simple impulse-momentum relationship ,

where
I. polar moment of inertia of wheel assembly about axle
VHO initial horizontal velocity
rd radius of deflected tire
L. time of wheel spin-up

When the drag force is expressed in terms of the yertical

f

t
force, the value of the integral F=z dt can be determined as

.0

the step-by-step calculations- proceed and the drag-force
term eliminated horn the equations of motion after the re-
quired value .of the integral at the instant of spin-up is
reached.

EVALUATION OF ANALYSIS BY COMPARISON OF CALCULATED
RESULTS WITH EXPERIMENTAL DATA

In order to evaluate the applicability of the foregoing
analytical treatment to actual landing gears, tests wwre
conducted in the Langley impact basin with a conventional
oleo-pneumatic landing gear origgally desigged for a small
military tmining airplane. A description of the test specimen “
and apparatus used is given in appendix B.

In this section calculated results are compared with ex-
perimental data for a normal impact and a severe impact
-with tire bottoming. The vertical -velocities at the instant
of ground contact used in the calculations correspond to .
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the vertical velocities messured in the testk Equations
(12), (13), (14), and (15a) -wereused to calculate the values
of the variables at the instant of initial shock-strut deflection.
~umerical integration of equations (16) and (17) provided
the calculated results for the twodegree+f-freedom system
subsequent to the beginning of shock-stit deflection.

In these c.aldations the discharge co&licient for the orifice
and the polytrcpic exponent for the air-compression process
were assumed to have constant values throughout the impact.
Consideration of the shape of the orhice and examination
of data for rounded approach oriiices in pipes suggested
a value of ad equtd to 0.9. Evaluation of data for other
landing gears indicated that the air-mmpre.mien proms
cmdd be represented fai.dy well by use of an average value
of the @ective polytropic expon@ n= 1.12. In view of
the fact that the lauding gear was mounted in a vertical
position and drag loads mre absent in the tests, friction
forces in the shock strut were assumed to be negligible
in the c.alcdations. Since the weight was fully balanced
by lift forces in the tests, the lift factor KL was taken equal to
1.0. The appropriate exact tire characteristics (see fig. 3)
were used for each case. .

NORMALIMPACT

Figure 4 presents a comparison of calculated results with ~
experimental data for an impact without tire bottoming at
a vertical velocity of 8.86 feet per second at the instant of
ground contact. The exact dynamic forcedeflection charac-
teristics of the tire, including hysteresis, were used in the
calculations. These tire characteristics we shown by the
solid lines in figure 2 (a) and values for the tire constants
m’ and r are given in figure 3 (a).

Calc~ated time histories of the to~ force on, the upper
mass and the acceleration of the lo-wer mass are compared
with experimental data in figure 4 (a). Similar comparisons
for the upper-mass displacement, upper-m= velocity, lower-
mass displacement, strut stroke, and strut telescoping
velocity are presented in figure 4 (b). As can be seen, the
agreement between t,he calculated and experimental results
is reasonably good throughout most of the tie histoW.
Some of the minor discrepancies during the later stagm of
the impact appear to be due to errors in measurement since
the deviations between the crdculated and experimental
upper-mass accelerations (as represented by the force on
the upper mass) are incompatible with those for the upper-
mass displacements, whereas the calculated upper-mass dis-
placements are necessarily directly compatible with the
calculated upper-masa accelerations. The mtium value
of the experimental acceleration of the lower mass may be
somewhat high because of overshoot of the accelerometer.

In addition to the totaI force on the upper mass, figure
4 (a) presents calculated time histories of the hydraulic
and pneumatic components of the shock+trnt force, as
determined from equations (2) and (3), respectively. It
can be seen that throughout most of the impact the force
developed in the shock strut arises primarily from the hy-
draulic resistance of the oritice. Toward the end of the
impact, however, because of the decreased -telescoping
velocities and fairly large stzwkeswhich correspond to high

compression ratios, the air-pressure
than the hydraulic force.

force becomes larger

IMPACTWITHTIREBOTTOMING

I?igure 5 presents a comparison of calculated and experi-
mental results for a severe impact (VVO= 11.63 f t per mc)
in which tire bottoming occurred. The tire force-difloction
characteristics used in the calculations are shown by the
solid lines in figure 3 (b). Region (1) of the tire force-
deflection curve has the same values of the tire constants
m’ and r as for the case previously discuesed, l?ollowing
the occurrence of ‘tie bottmn.ing, however, different values
of m’ and r apply. These values are given in figure 3 (b).

It can be seen from figure 5 that the agreement between
the calculated and experimental results for this case is
similar to that for the comparison previously presented.

The calculated instant of tire bottoming is indicated in
figure 6. When tire bottoming occurs, the greatly increased
stiffness of the tire causes a marked increase in the shook-
strut telescoping velocity, as is shown in the right-hand
portion of figure 5 (b). Since the strut is suddenly forced to
absorb energy at a much higher rate, an abrupt increase
in the hydraulic resistanm takes place. The further increase
in shock-strut force immediately following the ocourrenco of
tire bottoming is evident from the left-hand portion of
figure 5 (a). The sudden increase in lower-mass acceleration
at the instant of tire bottoming can also be seen.

In this severe impact the hydraulic resistance of the orifice
represents an even greater proportion of tbe total shock-
strut force thpn vvasindicated by the calculated results for
an initial vertical velocity of 8.86 feet per second previously
discwsed.

The foregcing comparisons indicate that, the analy~ical
treatment presented, in conjunction with reasonably straighh
forward assumptions regarding the parametem involved in
the equations, provides a fairly accurate representation of
the behavior of a conventional oleo-pneunmtic landing gear.

PARAMETERSTUDIES

In the previous section timparisons of calculated results
with experimental data showed that the equations which’
have been developed provide a fairly good representation of
the behavior of the landing gear for the impact conditions
considered. k view- of the fact that the equations are
somewhat complicated and require numerical values for
several parameter such as the tire force-deflection constahts
m’ and r, the odke discharge coefficient Cd, and the poly-
tropic exponent n, which may not be readily or accurately
known in th6 case of practical engineering problems, it
appears dmirable (a) to determine the relative accuraoy
with which these various parameters have to be known and
(b) to investigate the extent to which the equations can bo
simplified and still yield useful results. In order to accom-
plish these objectives, calculations have berm made LO
evaluate the effect of simplifying the force-deflection charac-
teristics of the tire, as well as to determine the eilects which
di.&rent values of the orifice discharge coefficient and the
effective polytropic exponent have on the calculated behavior.
The results of these calculations are discussed in the premnt
section. The question of simplification of the equations of
motion is considered in more detail in a subsequent section,

.
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REPRESENTA’ITONOF TIREFORCE!-DEFLECTIONCEARACTER18TIC5

In order to evaluate the degree of accuracy required for
adequate representation of the tire forc6-deflection charac-
teristiea, comparisons are made of the calculated behavior
of the landing gear for normal impacts and impacts with
tire bottoming when the tire characteristic are represented
in various ways. First, the forcedeflection characteristics
will be assumed to be exactly as shown by the solid+ne
curves in figure 2 (b), including the various breaks in the
curve and the effects of hysteresis. These characteristics
me referred to hereinafter as the exact exponential tire
characteristics. The effects of simplifying the representa-
tion of the tire characteristics will then be investigated by
considering (a) the exponential characteristics withoub
hysteresis; that is, the tire will be assumed to deflect and
unload along the same exponential curve, (b) the linear-
segnmnt approximations to the tire characteristics (long-
dashed lines), which also neglect hysteresis, and (c) errors
introduced by neglecting the effects of tire bottoming in the
case of severe impacts. The calculated results presented in
this study make use of the relationships between vertical
force on the tire and tire deflection, as shown in figures
3 (a) and 3 (b).

l?igure 6 presents a comparison of the calculated results
for n normal impact at a vertical veIocity of 8.86 feet per
second, whereas fi@re 7 permits comparison of the solutions

-3.0 r ;-

-2,5 -

q
N- :
5’-2.0 -

~

5.=

{-’”5

%

E

a :

9
~.

Tire ctmractcrlstics conskkred:
/’

— Exact expnentlol
-.5 -: —— Exponential (no hyzkresls)

-––– l-hear-segment (M hyskesis)
. . . . . . . . . . Expcmentiol (rigid strut)

t
;

for a severe impact, invol~ tire bottoming, at a vertical
velocity of 11.63 feet per second.’ In figures 6 and 7 the
solid-line curves represent solutions of the landing-gear
equations -when the exact exponentisJ relationships between .
force and tire deflection are considered. Since these solu-
tions w-erepreviously shown to be in fairly good agreement
with expe.fimental data (&s. 4 and 5), they are used as a

-basis for evaluating the results obtained when tire hysteresis
is neglected and the forcedeflection characteristics are repre-
sented by -either simp~ed exponential or linear-segment
relationships.

As in the calculations previously described, the solutions
were obtained in two parts. Du.r@ the fist stage of the
impact the shock shut was considered to be rigid until
sutlicient force was developed tQ overcome the initial air-
pressmrefores. The calculations for the landing-gear behav-
ior subsequent to this instant were based on the equations
which consider the gear b have two degrees of freedom.
Time histories of the upper-mass acceleration calculated on
the basis of a rigid shock strut are shown by the dotted
CIUV&in figures 6 and 7. These solutions show the greatest
rate of increase of upper-mass acceleration possible with
the exponential tire forcedeflection characteristic con-
sidered. Comparison of these solutions with those for the
two-degree-o f-tieedom system indicates the effect of the
shock strut in attenuating the severity of the impact.

.——
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(a) Time histories of upper-mass acceleration and lower-mass acceleration.

Fumnm 6 —Effect of tire characteristics on caloulatid landing-gear behavior in normal impact. V.0=8.86 feet per second; C~=O.9; n=l.12.
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Normal impact.-In the case of the normal impact at a
vertical velocity of 8.86 feet per second, figure 6 shows that
the solution obtained with the exponential forco-deflection
varia$ion which neglects hysteresis and the solution with the
linear-segment approximation to the tire characteristics are
in fairly good agreement -with the redts of the calculation
bawd on the exponential representation of the exact tire
characteristics. The greatest differences between the solu-
tions are evident in the time histories of upper-mass and
lower-mass accelerations; considerably smallar diilerences are
obtained for the lowerarder derivatives, as might be ex-”
petted. With regard to the upper-mass acceleration, the

~ three solutions are in very good agreement during the early
stages of the impact. In the case of the simplified exponen-
tial characteristics, neglect of the decreased slope of the.
forcedeflection curve between the tit break and the maxi-
mum (regime @ in fig. 3 (a)) resulted in the calculation of a
somewhat higher value of the maximum upper-m- acc8l8r-
ation than was obtained with the exact tire characteristics.
For the simpliiled exponential and linear-segment character-
istics, neglect of hysteresis resulted in the calculation. of
somewhat excessive values of upper-mass acceleration sub-
sequent to the attainment of the maximum vertical load.
It is of interest to note that the calculated results for the
exponential and linear+egment characteristics -without hys-
teresis were generally in quite good agreement -with each
other throughout the entire duration of the impact, although
the assumption of linear-segment tire forcedeflection char-
acteristics did result in somewhat excesaivq values for the
masimum lower-mass acceleration. On the whole, . the
simplifiedtire forcedeflection characteristics considered per-
mit calculated results to be obtained which represent the
behavior of the land@ gear in normal impacts fairly well.

Impact with tire bottoming,—In the case of the severe
&npact at a vertical velocity of 11.63 feet per mcond, the
effects of tire bottoming on the upper-mass acceleration, the
lower-mass acceleration, and the strut telescoping velocity
are clearly indicatid in &u.re 7 by the calculated results
based on the exact tire characteristic-s. As can be seen, the
linear-segment approximation to the tire deflection character-
istics which takea into account the effects of tire bottoming
resulted in a reasonably good representation of the landing-
gear behavior throughout most of the time history. On the
other hand, as might be expected, the calculations which
neglected the effects of bottoming on the tire force-deflection
charachwistics did not reveal the marked increase in the
upper-mesa acceleration due to the increased stiffness of tho
tire subsequent to the occurrence of bottoming. It is also
noted that the dwcrepmcies in the calculated upper-mass
aecelerntion due to neglect of hysteresis in the later stages
of the impact are more pronounced in this case than in the
impact without tire bottoming previously considered, again
as m“ght be expected.

EFFECroF oaImcEDIs131ARGEcommamr

In view of the fact that there is very little information
available regarding the magnitude of discharge codlicients
for ofi’ixs in landing gears, it appears desirable to evaluate
the effect which differences in the magnitude of the or”tice .
coefficient can have on the calculated results. l?igure 8
presents comptins of calculated results for a range of
values of the or&8 discharge coefficient o’ between 1,0
and 0.7. The four solutions presented are for the-same sot
of initial conditions as -the normal impact without tire
bottoming previously considered and are based on the
exponential tire forcedeflection characteristics which neglect
hysteresis.
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These calculations show that a decrease in the orifice dis-
charge coefficient results in an approximately proportional
incrense in the upper-mass acceleration. This vark
ation is to be expected since the smaller coefficients cor-
respond to reduced effective orifice areas which result in
greater shock-strut forces due t.Q increased hydraulic
resistance. As a result of the increased shock-strut force
acting downward on the 10WWPmass, the maximum upward
acceleration of the lower mass is reduced with’ decreasing
values of the discharge coficient. The increase in shock-
strut force with decreasing discharge coefficient also results
in a decrease in the strut sttike and telescoping velocity but
an increase in the lower-mass veloci~ and displacement,
as might be expected. However, since the increases in
lowwr-masadisplac&mentand velocity are smaller than the
decreases in strut stroke and telescoping velocity, the upper-
mass displacornent and veloci~ are reduced with decreasing
orifice discharge coefficient.

These comparisons show that the magnitude of the orifice
coefficient has an important efTecton the behavior of the
landing gear and indicates that a fairly accurate determi-
nation of the numerical value of this parameter is necessary
to obtain good results. .

- EPPZCPOFAIR-COMPIlZ9SIONPROCESS

Since the nature of the air-compression process in a shock
strut is not welldefined and di.tlerent investigators have
assumed vahmx for the polytropic exponent ranging any-
where between the extremes of 1.4 (adiabatic) and 1.0

(jsothenmd), it appeared desirable to evaluate the im-
portance of the air-compression process and to determine the
extent to which diflerent valuea of the polytropic exponent
can influence the calculated results. Consequently, solutions
have been obtained for three different values of the poly-
tropic exponent; namely, n=l.3, 1.12, and O.

The value n= 1.3 corresponds to a very rapid compression
in -which an adiabatic process is almost attained, The
value n= 1.12 corresponds to a relatively slow compression
in w-hich the process is virtually isothermal. The value
70=O is completely fictitious since it implie9 constant air
pressure within the strut throughout the impact. The
assumption n=O has been considered since it makes one of
the terms in the equations of motion a constant and permits
simplification of the calculations The three solutions
presented are for the same set of initial conditions aa the
normal impact without tire bottoming previously con-
sidered and are based on the exponential tire force-deflection
characteristics which neglect hysteresis.

J?igure 9 shows that the air pressure contributes only a
relatively smallportion of the total shock-strut force through-
out most of the impact since the compression ratio is rela-
tively small until the later stagea of the impact. Toward
the end of the impact, however, the air-pressure force
becomes a large part of the total force since the compression
ratio becomes large, -whereas the hydraulic resistance de-
creases rapidly as the strut telescoping velocity is reduced
to zero.

,
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(u) Time histories of shook-strut stroke and velooity. ‘

FIGURE9.- goncludect

As a result, the calculations show that the magnitude of
the polytropic exponent has only a very small effect on the
behavior of the landing gear throughout most of the impact.
For the practicnl range of polytropic exponents, variations
in the air-compression process result in only minor differ-
ences in landing-gear behavior, even during the very latest
stages of the impac~. The assumption of constant air
pressure in the strut throughout the impact (n= O),however,
does lead to the calculation of excessive values of stroke and
of the time to reach the mtium stroke. The time history
of t,he shock-strut force calculated on the basis of this
assumption is, on the other hand, in quite good agreement
with the results for the practical range of air-compression
processw.

On the whole it appems that the behavior of he landing
gear is relatively insensitive to variations in the air-
compression process. The foregoing results suggest that, in
many cases, fairly reasonable approximations for the landing-
gear force-time variation might be obtained even if the air-
presmre term in the equations of motion were completely
n%lec~d.

SIMPLIFICATION OF EQUATIONS OF MOTION

The preceding studies have indicated that variations in the
tire forcedeflection characteristics and in the air-compression
process individually have only a relatively minor effect on the
calculated behavior of the landing gear. These results sug-
gest that the equations of motion for the landing gear might
be simpli6ed by completely neglecting the internal air-
pressure forces in the shock strut and by considering the tire
forcedeflection characteristics to be linear. Tlth these as-
sumptions, the equations of motion for the upper mass,
lower mass, and complete system (eqs. (16), (17), and (8)) can

be written as follows for the case where the wing lift is equal
to the weight and the internal friction is neglected:

where

, (18)

a slope of linear approximation to tire forcedoflection
characteristics

b value of force corresponding to zero tire deflection, as
determined from the linear-iegment appro.sinmtion to
the tire forcedeflection characteristics

The motion variablea at the beginning of shock-stru; de-
flection can be readily determined in a manner similar to
that employed in the more general treatment previously dis-
cussed. For thb simplified equations the variables at tho
instant L are given by

(19)

In most cases the term # z? is small in comparison with it
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The values determined from equations (19) are used as
initial conditions in the solution of equations (18).

The fact that the lower mass is a relatively small fraction of
the total mass suggests that the system might be simplified
oven further without greatly modifying the calculated”reauhs
by assuming the lower mass to be equal to zero. With this
assumption tT=O and the initial values of the variables in
equations (18) correspond to the conditions at initial contact.

EVALUATIONOFSIMPLIFICATION

In order to evaluate the applicability of these sirnp~ca-
tions, the behavior of the landing gear has been calculated in
accordance with equations (18) for an impact with an initial
vertical velocity of 8.86 feet per second. A .dm.ikmcalcula-
tion has been made with the aemrnption W+. These
results are compared in figure 10 with the more exact solu-
tions previously presented in figure 4, which include con-
sideration of the air-compression springing and the exact
exponential tire chamctmistics. A time history of the lower-
mass acceleration is not presented for the case whqre Wg is
assumed equal to zero since the values of ZJg have no
signiilcance in this case.

Figure 10 shows that the two simplified solutions are in
quite good agreement with each other, as might be expected,
and are also in fairly good agreement with the more exact
results. Neglecting the air-pressure forces and assuming a
linear tire forcedeflection variation resulted in the calcula-
tion of slightly lower values for the maximum upper-mass
acceleration and somewhat higher values for the maximum
stroke than were obtained with the more exact equations.

The effect of neglecting the lower mass was primarily to
reduce the lower-mass displacement (tire deflection), as a
result of the elimination of the lower-mass inertia reaction.

On the whole, it appears that the assumptions considered
permit appreciable simplification of the equations of motion
without greatly impairii thevalidity of the cahmlatedresults.

GENZR~ TZEATMZN9!
Equa&ons and solntions.-By writing the simplified equa-

tions of motion in terms of dimensionlessvariables, general-
ized solutions can be obtained for a tide range of landiug-gear
and impact parametem which may be useful in pre-
liminary design. If W* is taken equal to zero and it is
further assumed that the tir; force-deflection curve is
represented by a singIe straight line through the origin
@=O throughout the impact), ~uations (18) reduce to

w,
z1+A(21—:2)*=0

7, )
A(2,–&)2–azg=0 } (20)

w,
Zl+a%’=o

7 )-—
where ~~ A, and a are constants, aspreviously defined, and

any two of the foregoing equatious are sufficient to describe .
completely the behavior of thesystem. With thisrepresenta-
tion of the system, the shock strut begins to deflect at the in-
stant of initial contact (G= O). Thu9, the initial ccnditiom
for equations (20) are the initial impact conditions; namely,
zlO=~=() and%i10=2%=2~
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As can be seen, with the cq-uationsin this form, the solution

“ ~, a, and thedepends on five parameters, namely, —J

initialconditions ;O and %. However, ‘since %=0 iu all
cases, the number of variable parameters is reduced to four.
In view of the fact that these parameters are independent of
one another and each may take on a large range of valuea, a
great many solutions and a large number of graphs would be
required to cover the entire range of landing-gear and impact
parameter with the equations in the form of eipations (20).

The number of independent parametam which have to be
considered may be greatly decreased by the introduction of
generalized dimensionless vari~bles and the corresponding
transformations of equationa (2o). In this case, generalized
variablea can be obtained which permit tram-formation of the
equations of motion to a form which does not involve any
constants. With the equations in this form, there is only
one variable parameter, namely, the initial velocity paranl-
eter, To determine the generalized variables which satisfy
the aforementioned requirements, let

U=Za
and

e=t/3

Thus,
du .U=—= .

“ de ‘P
and

Substituting these new variablm permits equationz (20)
to be written as

(U1’–%’)’+(f ~) Ul”=o

(u{–w’)’–(; ;) %!=0

()
a/p2
— %=0U{’+- ~l,g

(20a)

The number of independmt parameters will be reduced
if all the combined constants in equatione (20a) are set
equal to one another, that is, let

cxW1 aa a/p2.—= ——= —
Ag A B’ Wdg

I?rom this relationship, it can be seen that

A
a- w,/g

md

i3=+&
Thus the generalized variables become

and
d%, A

ulfr=
27 ()

=21 — “
a

where

40= ~
wl/g

With these new variables equations (2o) can be written ass

(~’–-)~+@”+)+)

(’%’+’)*-W=O1 (21)

U1’’+%=o

where any two of these equations are sufiiciant to describe
the behavior of the system.

Inasmuch as equations (21) do not involve any constants,
their solutions are completely determined by the initial val-
ues of the variables. Since the displacements at initial
contact w. and ~ are equal to zero and the initial velocities
~o’ and ~’ are equal, the only parameter is the initial
chmensionleswvelocity

where ti’=ulo’=~’.
@neraJized solutions of equations (21) are presented in

figure 11 for values of%’ corresponding to a wide range of
landing-gear and impact parametem. J?arts (a) to (e) of
@e 11 show the variations of the dimensionless variables
during the impact; parts (f) and (g) show the maximum
values of the more important variables as functions of Uo’.
Part (h) shows the shock-strut effectiveness q, and the
landing-gem effectiveness qlt. The shock-strut effective-
ness, sometima called “eflic&ncy” and, in Europe, ‘@ni-
metric ratio,” is defined as

JCmaz
U,” du

o~,s
ul”m= UW “

w-here u=%—ug is the dimensionless shock-strut stroke,
Since q, represents the ratio of the energy actually absorbed
by the shock strut to the maximum energy which the strut
could possibly absorb for any combination of maximum
acceleration (or load) and maximum stike, it serves as a
measure of the extent to -which a given combination of
mtium load and stroke has been utilized to absorb the
energy of an impact. A similar measure of the energy
absorption effectiveness of the landing gear as a whole is
given by q,. which is defined by.

J%.O=
U,” du,

V,*= 0
Ul”m Ulm=

~Eqn8tlens@) mayberwluti toaalngleeqnatlonin mevariabhby dlfkrentlatingthe
lasteqmthmndsnMItatlngferU’ tntherlrstequntlon.TM gives(tWWWi-u#’-Cl

By fntmindngthenewvariablew-u”, W equntionmay b redncsd to Um wmnd.
mlereqnetlon(w+w’9W-0, snb&cttotheJnMelcondltfonem-u< andw!’=k
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FIGUEEIl.—Continued.

The generalized results presented in figure 113 can be
used to estimate the performance of a given landing gear of
known configuration for particular impact conditions or to
choose the dimensions for a landing gear when the impact
conditions and desired performance are specilied.

Applicability of solutions,-To illustiata the applicability
of the generalized solutions, the curves of figure 11 have
been applied to the previously considered case of the normal
impact at an initial vertical velocity of 8.86 feet per second
for comparison with the more exact solution preaauted in
figure 4. In order to make use of the generalized solutions

$Althongh tlroo-blstory solatfaos am presentedfor valnea of u? admrralfw o.& itwill &

now t~t VobJH OfU,mmu.-, q,, and?,, amnotEhll forvahm of w’<1.S. It mnM
awnfmmthetbnebfstorkstimttheobaokMM ofW aolntionfnthelaterWagesoftbefm-
Paotchmm0su#lwcmnessmall;fnmrtknhr,w increasesandtla cnrveofw.. anafmo-
tfonof ffo’apmm to rmoiia rrdnfmumatmrnoval~ of~SLS. Fortkwmom,theMor
S@s of m 301ntfoI133reOt&3tTotchoutin thnoandWW to h alxncat8SYIWtOtfCfn
ckwoctor.Wvor31rflfferontrmalytlcal,nnrnerfra~midamlc=gnemothodmmroappllwllnan
attemptto studyM plmmoftheproblemfurtherbntthodremely slowratoofakmgeof
thevariablesin W mgfonpreventedm-ul completionoftheml@ona

c

it is firsti neoessary to approximate the tire force-deflection
oharacter%tica by a simple linear variatiom TWO such
linem approximations which might be considered suitable
for this purpose are shown in figure 12. Linear approxi-
mation I is a straight line through the origin having a slope
u=18.6X Id pOIUKkper foot (a’=ad=41.6X Id lb). This
value of a and the other pertinent landing-gear and impact
parametem result in a value of the initial dimensionless
velocity parameter %’=2.57. Linear approximation II is
a straight line with slope a=21.3 X 10 pounds per foot
(a’=47.9X 103 lb) which does not pass through the origin
but intersects the displacement axis at a value of
~(l’v=-o)=0.0508 foot. With this value of a, ~’=2.39.

“Sfice the solutions of figure 11 have been calculated only
for integral vahm of u(, curve3 for the foregoing values of
~’ wwre graphically interpolated by cross plotting. These
results were then converted to dimensional values by multi-

-
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Dirnerkn!ass strut stroke, u

(d) Relationshipbetweenupper-m- accelerationandstrutstroke. ,

l?kmm Il.—Continued.

plying the dimensionless .mriables by the appropriate
constants. The results obtained are compared in figure 13
with the more exact solution presented in fij.gure4. The
values based on linear approximation I have been plotted
exactly as detemnined from the generalized solutionB. The
results for linear approximation II, however, have been -
displaced relative to the or@in of coordinates as indicated
in the following discussion.

The assumption of linear approximation D implies that
the system must move a distance equal to ~rv~=q after

initial contact (at constant veIoci@- since the wing lift &
taken equal to the weight) before any iinite ground reaction
can develop. The derivation of the equations of motion,
on the other hand, assumes that the ground reaction in-
creases linearly with deflection horn the instant of initial
contact. As a rcsuIt, the equations of motion do not apply
until after the system has attained a displacement equal to
Z2(%*-O)’ which occurs at a time after initial contact

‘~@r-~ ~ other ~ords, the equations Of mOtiOn
‘- VT,
apply to a coordinate system transformed so that the tire-
force-deflection relationship passe9 through the origin; that
is, a coordinate system displaced by %

(%1-9.
relative to

.

the coordinate syktem originating at the point of initial
contact.. It therefore follows that the upper-maas and
lower-mass displacements ‘determined from the generalized
solutions for the case of linear appro.simation II must be
increased by a constant amount equal to % in this(%x-o)’. ,
case 0.0508 foot, and all results must be displaced in

time by a constant increment Atz
z9(Fvg-g

Vvo
J in this Cmo

0.0508—=0.0057 second, relative to the instant of initial
8.86

contact. Th&e corrections have been incorporated in plot-
ting the curves for linear approximation 11shown in figure 13.

As can be seen, the results obtained by application of the
generalized solutions, particularly by the method employing
linear approximation ~, are in fairly good agreementwith the
more exact .solution. The discrepancies which mist are
attributable to the neglect of the shock-strut preloading and
springing pm-tided by the air-pressure force, neglect of the
lower mass, and to di.tlerenceabetween the very simple tire
forcedeflection relationships amumed and the exact tire
charactwiatica. On the w-hole, it appeam that the general-
ized results offer a means for rapidly estimating the behavior
of the landing gear within reasonable limits of accuracy and
may therefore be useful for preliminary design purposes,
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FIGUBEIl.—Continued.

SUMMARY OF RESULTS AND CONCLUSIONS

A theoretical study has been made of the behwvior of the
conventional type of oleo-pneumatic landing gear during the
process of landing impact. The basic analysis is presented
in a general form and treats the motions of the landing gear
prior to and subsequent to the beginning of shock-stit
deflection. In the tit phase of the impact the landing gear
is treated as a singledegree-of- freedom system in order to
determine the conditions of motion at the inst~t of initial
shock-strut deflection, after which instant the landing gear is
considered as a system with two degrees of freedom. The
equations for the bwod~ee-of-freedom system consider
such factors as the hydraulic (velocity square) resistance of
the orifice, the forces due to air compression and internal
friction in the shock strut, the nonlinear force-deflection
characteristic of the tire, the wing lift, the inclination of the
landing gear, and the effects of wheel spin-up drag loads.

The applicability of the analysis to actual landing gears
has been investigated for the particular case of a verticil
landing gear in the absence of drag loads by comparihg
calculated results with experimental drop-test data for corre-
sponding impact conditions, for both a normal impact and a
severe impact involving tire bottoming.

Studies have also been made to determine the e.fleetsof
variations in such parameters as the dynamic foreedeflection

characteristicsof the tire, the oriiice discharge eoeflicient, and
the effective polytropic exponent for the air-compression
process, which might not be Imoyn accurately in practical
design problems.

In addition to the more exact treatment an investigation
has also been made to determine the extent to which the
basic equations of motion can be simplified and still yield
useful results. Generalized solutions of the simplified
equations obtained are presented for a wide”range of landing-
gear and impact parametm.

On the basis of the foregoing studies the following con-
clusions are”indicated:

1. The behavior of the landirig gear as calculated bm the
basic equations of motion was found to be in good agreement
with experimental drop-test data for the case of a vertical
landing gear in the absence of drag loads, for both a normal
impact and a severe impact ~voltig tire bottoming.

2. A study of the effects of variations in the forcedeflection
charact@stica of the tire indicates that

a. k the case of a normal impact without tire bottoming,
reasonable variations in the forcedeflection characteristics
of the tire have only a relatively small effect on the calculated
behavior of the landing gear. Approximating the rather
complicated forcedeflection characteristi~ of the actual tire
by simp~ed ~“onential ortiem-segment variations appeam
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FxmIm Il.—Continued.

to be adequate for practical purposm. Tire hysteresis was
found to be relatively unimportant.

b. In the case of a severe impaot invol~ tire bottoming,
the use of simplified exponential and linear-segment approxi-
mations h the actual tire forcedeflection ohsxacteristics
which neglect the effects of tirebottoming, ahhough adequate
up to the instant of bottoming, fads to indicate the pro-
nounced increase in landing-gear load which results from
bottoming of the tire. The use of exponential or linear-
segment approximations to the tire characteristics which
take into aocount the inore~ed stiffness of the tire that re-
sults horn bottoming, however, yields good results.

3. A study of the importance of the discharge coefficient
of the ori-ticeindicati that the magnitude of the discharge
coefficient has a marked effect on the calculated behavior of
the landing gem; a decrease in the discharge coefficient (or
the product of the discharge coefficient and the net orifice
area) r&mlts in an approfiatiy proportional increase .jn
the m’asimum upper-mass acceleration.

4. A study of the importice of the air-compression process
in the bhock strut indicaw that the air springing is of only
minor significance throughout most of the impact, and that
variations in the effective polmopic exponent n between the
isothermal ‘value of 1.0 ~d tie wm-atiabatic value of 1.3
have only a second~ effect on tie calculated behayior of

the landing gear. Even the assumption of constant &
pressure in the strut equal to the initial pressure (n=O)
yields fairly good results, which may be adequate for many
practical purposes.

5. An investigation of the extent to -whichthe equations of
motion for the landing gear can be simplified and stiIIyiekl
acceptable calculated results indicates that, for many prac-
tical purposes, the air-pressure force in the shock strut can
be completely neglected, the tire force-deflection relationship
can b8 assumed to be linear, and the lower or unsprung mass
can be taken equal to zero.

6. Generalization of the equations of motion for tlm
simplified system described in the preceding pmagmph

shorn that the behavior of tti system is completely deter-
mined by the magnitude of one parameter, namely, the
dimetionleas initial-velocity parameter. Solution of these
g?neraXzed equatioris in terms of dimonsioriless variables
permits oompact representation of tie behavior of the system
for a tide range of landing-gear and impact phrametms,
which may be useful for rapidly estimating lrmding-germ
performance in preliminary d&.

LANGLEY &JRONAUTICAL LABORATORY,
NATIONAL ADVISORY COMM.ITTDn FOR

LANGLBY FIELD, VA., May 1, 1962.

--

AORON.4TJTICS,
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(g) Variation of maximum upper-mm diepfacemen~ maximum lovrer-mam dieplacemen~ and maximum etrut etroke with initial velocity parameter.

FIGURE11.—Clmtinued.
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APPENDIX A

NUMERICAL INTEGRATION PROCEDURES

As previously noted, most of the spe~c solutions presented
in this report were obtained with a numerical integration
procedure, termed the ‘linear procedure,” which assumes
changes in the variables to be linear over finite time intervals.
‘iV3th this procedure a time interval e= O.001 second was
used in order to obtain the desired accuracy for the particular
cases considered. A few of the specific solutions presented
were obtained by means of a procedure, termed the “quad-
ratic procedure,” which assumes a quadratic variation of
displacement with time for successive intervals. This pro-
cedure, although requiring somewhat more computing time
per interval, may permit an increase in the interval size for
a given rwcuracy, in some cases allowing a reduction in the
total computing time required. In the case of the more
exact equations of motion the accuracy of the quad@ic pro-
cedure with a time interval of 0.002 second appeaxs to be
equal to that of the linear proceduie with an intervaJ of
0.001 second. Although the accuracy naturally decreases
with increasing interval size, the loss in accuracy for pro-
portionate increases in interval size appears to be smallerfor
the quadratic than for the linear procedure. In the case of
the simplified equations of motion reasonably satisfactory
resultswere obtained in test computations with the quadratic
procedure for intervals as large as 0.01 second; whereas the
linear procedure was cimsidered questionable for intervals
larger than 0.002 second.

The generalized solutions presented, because of the
relatively simple form of the equations of motion, were
obtained with the well-known Runge-Kutta procedure.
A study of the allowable interval size resulted in the use of
an interval At?=0.08, which corresponds to a time interval of
about 0.005 second for the landing gear under consideration.

MNl!l.4EPROCROURE
. b this step-by~tep procedure the variations in d~

placement, velocity, and acceleration ‘are assumed to be
linear over each finite time interval e. The method, as
used, involves one stage of iteration. Linear extrapolation
of the velocity at the end of any ‘interval is used to obtain
estimated values of veloci~ and displacement for the next.
interval. These values are then used to calculate values of
the acceleration in accordance with the equations of motion.
Integration of the acceleration provides improved values of
the velocity and, if desired, the displacement and accelera-
tion. In this procedure all integrations are performed by
application of the trapezoidal rule.

The following derivation ill~trates the application of the
linear procedure to the equations of motion for the landing
gear, which apply subsequent to the beginning of shock-strut
deflection at time & In the example presented internal
friction forcks are neglected in order to simplify the deriva-

1114

tion. However, the same general procedure can be used if
these, or other complicating effects, are included in the
equations.

For the case under consideration the equations of motion
(eqs. (16), (17), and (8)) can be written as follows:

w,

2- ZI+A.(21-2J2+-B[ l-U(ZI-Z2)]-’+D=0 (Al)

B=p%&cosP

Q=A
.00 Cosp

D=KL W– WI

. E= W(KL–l)

Solving equation (A3) for ZI gives

;=[F–G’ZAR’,(ZJ]: (A4)

where
,

~=~ (1 –KJg

H+

Integrating equation (A4) with respect to t between the
limits & and t and noting that 2%=~=& gks

J&=ir+Fr-G(i2-&j-H o’FV~(zJdr (A6)

where r= (t—~).
Integrating again and noting that zq=~=% gives

FT2z1=(l+@)(z,+&7)+T— SSQz,–H ‘ ‘FV,(z,)dr dT
00

(A6)
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Substituting for il and ZI in equation (A2) gives
.

([1 44 (1+(3) (;, -; J+FT-H ‘Fvg(z,)dT 2+
?=W2 Jo 1

{ [. SSB 1–(? (l+~(zr++z. j+~-11 “ ‘~v= (Z~& d~~j
)-

–l’.g(zJ+w,
00

l\ -n \

The motion of the landing gear subsequent to the beginning
of shock-strut deflection is determined by means of a step-
by-step solution of equation (A7). This numerical pbcedure
yields time histories of the lower-mass motion variables
z2,A, and %, from which the motion variables for the upper
mass 51,il, and Z1can be calculated by means of equations
(A4), (A5), and (A6).

The initial conditions for the step-by-step procedure are

21K-0= Z2==O=Z,

21 =i2n=o=i7n-o

I

(As)

zln. o=z2n-o=Z
.

where ~, Z, and z are the conditions of motion at the
beginning of shock-strut deflection as determined from the
solutioD for the onedegree-of-freedom system.

Estimated values of the lower-mass velocity at the end of
the first time increment e following the begiming of shock-
strut deflection can be obtained from the expression

2;*.1=&+e2r (A9)

or, as n first nppro.simation,

i:n=l=ti.

The corresponding displaceme~t is given by

Z2#.l=zr+; (Al+zr) (A1o)

‘ After the
of the tit

initial conditions and the conditions at the end
time increment are established. a stembv%tep. . .

calculation of the motion can be obtained by routine opera-
tions as indicated by the following genemd procedure which
applies at any time 7=nc after the begiming of the process.
The operations indicated are bssed on integration by appli-
cation of the trapezoidal rule:

(A12)

With the estimated values ~, and %*. the ac&leration of
tho lower mass can be determined by-substitution in the

(A7)

appropriate integrodiilerential equation for the system,
equation (A7) in the present case. Thus

Zz#=f(i;n, Z;n, 7= ) (A13)

In equation (A7) the integral expressions can also be evalu-
ated by application of the trapezoidal rule. .For example,
when l’rr (zJ =mqr,

J
m

zt’dr =:
o

z (2;+2221’+ . . . 2z2n_1’+z.9

J
(n–l)e

$s
(AI4)

z2rdT+; (z2m_1r+Zzn‘)o
and

SS
nen6

SS
(U–1)6 ‘(n–l)t

zzrdr dr = zzrdr dr+
00 0 0

(s
(n–l)e

;0 “’d”+rez’’d’) ‘A15)

An improved value for the velocity’ is obtained from the
expression

22== i2a_1+; (&n_l+%J (&16)

This value is used in the calculation of the estimated velocity
Z=+l and displacement ~*fl+lfor the next interval.

If desired, improved values of the displacement and
acceleration for the nth interval subsequent to the beginning
of shock-strut deflection can be obtained as follows:

)22X=z2n_1+; (&_l+ 22.

e’ -
=z2x_1+6&m_1+~ (22=-1+Zzn) (A17)

and
zz==f(i~n, Zzm,T=) (A18)

wheref (22D,q=, T.) is w appropriate equation for the system,
such as equation (A7).

With the values of z2~,AZ, and an, the motion vaiiables for
the upper msss 51~,i,X, and z,. can be calculated separately
from equations (A4), (A5), and (A6), as previously noted.

In setting up the numerical procedure used in obtaining the
solutions presented in this report, an evaluation of the errors
introduced by the procedure indicated that it would not be
necessary to calculato the improved valuea of the displace-
ment %. (eq. (A17)) or the-acceleratiori%. (eq. (A18)). How-
ever, improved values of the velocity &. were calculated by
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meansof equation (Al 6) for the purpose of determining
estimated values of the velocity & and the displacement %
(eqs. (All) and (A12)) for the increment immediately
following.

h order to illustrate the application of the method, a
tabular computing procedure for the solution of the system
represented by equations (Al), (A2), and (A3) is presented in
table I.

QUADRATICPROCEDURE

In this step-by-step procedure a quadratic” variation of
displacement is assumed over successive equal finite time
intervals for the purpose of extrapolating values of the

motion variables from one interval to the next. With this
assumption the displacement variation over two successive
equal time” intervals is completely determined by the thmo
values of displacement at the be&nhg and end of each of

the tio intervals. By titing the quadratic variation in
cli.fhxence form, the veloci~ and acceleration at the miclpoint
of the double interval can be expressed in terms of the three
displacement values previously mentioned. Substituting for
the velocity and acceleration in the cliflerential equations for
the system yields difference equations of motion in terms of
successive fiplacement values Which can be evahmtecl
interval by in<wal.

TABLE I

LINEAR PROCEDURE

Row Quantity Equation Procedure t

a’ r --------------------.- ----------------------------
.

.

@ 6. Z%_l+; (%-i+ %1) @, ,

.

@ 4. z2-l+; (&l+%J (%+60,

@ FvJz&)
Determined from tire force-

---------------------- deflection oharactmistics.

:@ ~vJ&)d7 Equation (A14) 0.+; [0+0.1.

@ J&.g(%)d.d. Equation (AIs) 0.+; [0+0.1

@-
%.

7
Equatiori (A7) - Given by equation (A7).

@ A-= %_l+; (%.-, +&J 0.+; [O+o.lg

o ; (*2”+ 4.+,) %.+; (%-l+%”) 0>+; [@+@.lg
.

0 S.+l &.+; (&”_,+%=) 0+; [O+o.k

@
21~

x“
Equation (A4) Given by equation (A4).

@ 31= Equation (A6) Given by equation (A5).

@ z,~ Equation (A6) , “ Given by equation (A6).

i 0= denotes value for previous time interval.

,
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The following derivation shows how the procedure can be
applied to the determination of the behavior of the landing
gem subsequent to the beginning of shock-strut deflection at
time G. In order to simplify the derivation, internal friction
forces are again neglected in setting-up the equations of
motion.

The assumption of a quadratic variation of displacement
with time (constant acceleration) over two successive inter-
vrds, each of duration e, permits expressing the velocity and 2

acceleration at the midpoints of the double interval (see
sketch) in terms of the displacement valuez at the beghming,
midpoint, and end of the double interval by the equations
(see ref. 5, p. 16):

Z=+l—zfl-l
in= 2e (A19)

and

(MO)

x--

Z*-I ‘n+

I? 26 I (WIM n6 (/ m-

where i., Zn, and Z. are ‘the velocity, acceleration, and displacement at the end of the m% interval (~=n~) after the
beginning of shock-shut deformation and z.., and z,+, are the displacements at the end of intervals n–1 and n+l,
respectively.

Substituting the difference relations for ~1,A, %, and % into equatiom (Al) and (A3) P~mi~ ~ri@
of motion for the landing gear in difT.erenceform as follows:

:2 (%+1

A“
‘2zln+zln_~)+~( 21.+] —zl.-1 – z9=+1+aJ2+~[l –qzln-a=)]-n+~=o

and

where the constants
Substituting for

z,n+L=2zlfl-zln_, -~(z~.+1 –2z,a+ Z,%_,) –He’[ FT.(%) +q

are as defined in the previous section.
Zln+l~ equation (A21) give9

. –Q+* pwl’w2–4%+1- w 14W12WJgA WPm+l+ W? WJ-gA ~(41712an+l+gA-in+J

the equations

(A21)

(A22)

.(A23)

where
%$+1=2W2Z9D—w2z2=_1—g6*[1’v*(z2n)+E]

1%+1= 2T$72Z%+(wl– TV’)z2#_,+2wl(zlm– zln_,) –g~g[~v.(’~n)+~

and
4WISE’

‘Yn.+l—–~ {3[1 –C(z,n–z,%)]-”+ll}

valuesfor theEquations (422) and (A23) are essentially extrapolation formulas which permit the determination of
upper-maas and lower-mass displacements to come from the values of displacement already calculated. These equations
thus permit step-by-step calculation of the displacements as the impact progresses, starting with the ihitial conditions,
from which the upper-mass and lower-mass velocities and accelerations can be determined by means of equations (A19)
and (A20).

Since the calculation of the displacementts ZI and % at, any instant by means of equations (A22) and (A23) requires
values for the displacements at two previous instants, the routine application of these equations can begin only at the
end of the second interval (r=2e) following the begiming of shock-shut deflection. Before” the displacements at the end
of the second interval can be calculated, however, it is necessary to determine the displacements at the imd of the first
interval. These values can be obtained from the conditions of motion at the instant of initial shock-strut deflection by
applying equations (AI9) and (A20) to the instant t=&
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At, the instant of initial shock-strut deflection

zl=-o=zz~-o=z.

.& =i2gmo=i*U-O

z~o= 22*=0 =57

(A24)

Application of the ditleregce equations (A19) and (A20)
to the instant t=i2 (that is, n= O) gives the following
equations: \-

Since the landing gear is considered as a o&-degree-of-
freedom system tim initkd contact up to the instant t=i2,

I
Row

I

Quantity

I
.-@ 22=

theforegoing application of the ditlmene.eequations results
in identical values for the upper-mass displacement and
lowwr-mass displacement at the end of the tit interval.
Simuh%meoussolution of equations (A2s) gives the following
expre&ion for the displacement at the end of the first intervnl:

#
z2=-l=zln-1 = Zr+ei,+y 2, (A26)

Wit~ the values for a and z~.1, equationq” (A22) rmcl
(A2!3) permit the step-by-step calculation of the upper-mnss
and lower-mass displacements subsequent to the first interval
following the beginning of shock-strut deflection. The
corresponding velocities and accelerations of the upper and
low-ermasses can be determined from the calculated clisplacc-
ments by means of equations (A19) and (A20), ns previously
noted.

A tabular computing procedure illustrating the application
of the method is presentad in table II.

, TABLE II

QUADRATIC PRO&DIJRE

I

Equation I Procedure t
.

------------------------ ---I-----------------------------.
I

-------------------- :---- @

------------------------- cm

Equation (A23) I Given by equation (AM).

Equation (A22) I Given by equation (A22).

i O denoks value for previous time intarvd
*

,,

.
,
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RUNGE-KU’ITAPROCEDURE

In this step-by-step procedure the cl.iflerencea in the de-

pendent variables over any given interval of the independent
variable are calculated from a definite set of fcmm.das, the
same set of formulas being used for all increments. Thus the
values of the vmiables at the end .of any given interval are
completely deterrqined by the values at the eod of the pre-
ceding interval. Unfortunately, however, unless the equa-
tions to be integrated are relatively simple, the method can
become quite lengthy.

The followiog derivation illustrates the application of the
Ruoge-Kutta method to the generalized equations of motion
(cqs, (21)) for the simplified system considered in the section-
on generalized results. Since these equations can be readily
reduced to the first order, they can be integrated by the
step-by~tep application of the general equations given on
pages 301 Qnd 302 of reference 6 for fkt-order simultaneous
differential equations.

The generalized equations for the simp~ed systam pre-
viously discussed (eqs. (2I)) are

(u,’–wJ)’+ul”=o

(U,’–UJ)’-%=O

Inasmuch M any two of these equations are sufficient to
describe the behavior of the sys~m, only the last two equa-
tions are employed in this procedure. These equations can
be reduced to n first-order system by introducing the new
varirtble

W=ul’ (A27)
so tlmh

*! =Ul?f (A28)
and the equations of motion become

(W–u.l’)’-uq=o

W’+u.a=o }
(A29)

Solving equations (A29) for U’ and w’, respectively, gives

Applyiug the general procedure presented in the reference
previously cited to the simultaneous equatiob (A27), @30),

and (A31 ) gives

1119

(A32)

where
kl= w._,AO

“=(W-’+9A’
“=(W.-’+3A’
k~=(w._l+ZJAO .

~=[(w=-,’9-J=zlAe
~=[(w-l+:)+=%l”
m= [(wi-I-t—Q-~-] AO

With this procedure, uI, w, and u can be calculated in.
step-by-step fashion from the values for the precding inter-
val, the procedure beghmiug with the initial conditions.
From th~e values, u1’, uI”, and m’ can be calculated by
meaus of equations (A27), (A28), and (A30), respectively.

.
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, APPENDIX B>

SOURCE OF EXPERIMENTAL DATA

Following is a brief description of the apparatus and test
specimen used in obtaining the experimental data presented
in this report.

EQUIPh~ENT

The basic piece of equipment employed in the tests ia the
carriage of the Langley impact basin (ref. 7) which provid-
means for effecting the controlled descent of the test speci-
men. In these tests.the impact-basin carriage was used in
much the same manner as a conventional stationary landing-
gear test jig (see ref. 8). h order to simulate mechanically
the wing lift forces which sustain an airphtneduring hiding
the pneumatic cylinder mid cam system incorporated in the
carriagewas used to apply a constant lift force to the dropping
maw and landing gear during impact. The lift force in these
tests was equal to the total dropping weight of 2,542 pounds.

TEST5PECLMEN

The landing gear used in the tesb was originally designed
for a small military training airplanehaving a gross weight of
approximately 5,000 pounds. The gem is of conventional
cantilever construction and incorporak a standard type of
oleo-pneumatic shock strut. The wheel is fitted with a 27-
inch type I (smooth~ntour) tire, inflated to 32 pounds per
square inch. The weight of the landing gear is 150 pounds.
The weight of the lower mass (unsprung weight) is 131
pounds.

In the present investigation the gear was somewhat modi-
fied in that the metering pin was removed and the origimd
oriiice plate was replaced with one havhig a smaller orifice
diargeter. Figure 14 shows the internal arrangement of the
shock strut and presents details of the oriiice. Other perti-
nent dimensions are presented in table I(C. The strut tias
filled with specification A3V-WG366B hydraulic fluid.
The inflation presure with the strut fully extended was 43.5
pounds per square inch. In these tests the land.iqj gear was
mounted with the shock-strut axis vertical. Figure 15
is a photograph of the landing gear installed for testing.

TABLE III

IMPORTANT CHARACTERISTICSOF LANDING GEAR
USED IN TESTS

Ac, w ft-------------------------------------------- .0. 05761
Ah,sq ft-------------------------------------------- 0.04708
A., sq ft-------------------------------------------- O. 0005595
thJ,Cufi-----------------------------------_-_----e__ 0.03545
P%, lb/sq ft------------------_ ---------’--: ----------- 6,264
2,, ft------------------------------------------------ a 5521
12 ft-----------_----------------:-------------------
*,, b----------------------------------------------- 2 r%
W:, lb-----------------------------------------------

1120

INSTRUMENTATION

A variety of time-history instrumentation was used cluring
the tests. The vertical acceleration of the upper mass Tvns
measured by means of an oildamped electrical strain-gago
accelerometer having a range of & 8g and a natural frequency
of 85 cycles per second. A lom=frequency (16.6 cycles per
second) NACA airdamped optical-recording accelerometer,
having a range of —lg to 6g, was used as a stand-by instru-
ment and as a check against the strain-gage accelerometer.
Anothar oildamped strain-gage accelerometer, having a
range of + 12g and a natural frequency of 260 cycles per
second, was used to determine the vertical acceleration of the
lower mass. The vertical displacement of the lower mass
(tire deflection) and the shock-strut stroke were measured
separately by means of variabl~resistance slide-wire poten-
tiometer. The vertical displacement of the upper mass was
determinedby addition of the strut-stroke and tire-deflection
measurements. The vertical velocity of the landing gear at
-theinstant of ground contact was determine from the output
of an elemental electromagnetic voltage generator. A time
history of the vertical velocity of the upper mass was ob-
tained by mechanically integrating the vertical acceleration
of the upper mass subsequent to the instant of ground con-
tact. Electrical d.if7erentiationof the current output of the
strut-stroke circuit provided time-history measurements
of the shock-strut telescoping velocity. The instant of
ground contact was determined by. means of a micro-
switch, recessed into the ground platform, which closed
a circuit as long as the tire was in contact with the platform,

The electrical output of the instrumentswas recordod on a
14-channel oscillograph. The galvanometers were damped
to approximately 0.7 critical damping and had natural fre-
quencies high enough to produce virtually uniform responm
up to frequencies commensurate with those of the measuring
instrumentation. - A typical oscillograph record is shown in
we 16.

It is believed that the measurements obtained in the tests
are accurate within the following limits:

Measurement Acouraoy
Up@r-~a~lmtion, g------------------------------ +0. 2
Forceon upperruass,lb--------------------------------- A600
Lewer-xna.saacceleration,g-----------------------,------- +0.3
Verticalvelocityat groundcontact, fps-------------.----- *O. 1
Upper-maae velocity dixing impact, fp---------------.--. *O. ii
Upper-mwa displacement, ft----------------------------- +0. 05
Lmver%asa displacement, ft----------------------------- +0. 03
Shock%rut stroke, ft----------------------------------- +0, 03
Shook-strut telescoping velooity, ~------------------.-.- +0.6
Time after mntact, see--------------------------------- +0. 003

.
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~GUED 14.-Shoak strut of landing gear tested at kgley impact baein.
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●

FI~URE 15.—Vier of landing gear and instrumentation.
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